Introduction
In 1996, Strominger, Yau and Zaslow [22] suggested a geometrical interpretation of Mirror Symmetry between Calabi-Yau 3-folds M,M in terms of dual fibrations by special Lagrangian 3-tori, now known as the SYZ Conjecture. Here is an attempt to state it. The main rigorous results of the paper are the construction and study in §5- §7 of examples of special Lagrangian fibrations on open subsets of C 3 . The fibrations of §5 are completely explicit, but those in §6 and §7 are constructed using analytic existence results from the author's series of papers [12, 13, 14] on special Lagrangian 3-folds in C 3 invariant under the U(1)-action e iθ : (z 1 , z 2 , z 3 ) −→ (e iθ z 1 , e −iθ z 2 , z 3 ) for e iθ ∈ U(1).
However, the heart of the paper is not the rigorous results but the discussion and conjecture in §5.1, §6.1, §7.4 and §8. Here we argue, with justifications but not full proofs, that various features of our examples should also be true of special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, especially in the generic case.
In particular, we claim that special Lagrangian fibrations f : M → B will in general not be smooth but only piecewise smooth, and that the discriminant ∆ of f is of real codimension one in B and is typically made up of 'ribbons'. We use this to argue that the version of the SYZ Conjecture above is too strong, because the discriminants ∆,∆ of f,f are not homeomorphic, and so cannot coincide in B.
The paper was originally motivated by the work of Gross [4, 5, 6] and Ruan [19, 20, 21] . The first version, the preprint math.DG/0011179 in November 2000, consisted mainly of conjectures, and so was not suitable for publication. It was concerned to refute the widespread assumption in early papers on the SYZ Conjecture that special Lagrangian fibrations would be smooth.
In this second version I have used the results of [12, 13, 14] to prove many of the conjectures in the first version. I have also reduced the emphasis on smoothness of fibrations, as I feel the field has moved on from two years ago and there is no longer a need to argue the case.
We begin in §2 and §3 by introducing special Lagrangian geometry and special Lagrangian fibrations. Section 4 reviews the main results of [12, 13, 14] on U(1)-invariant special Lagrangian 3-folds in C 3 . The new material is §5- §8. Section 5 defines two explicit special Lagrangian fibrations F, F ′ :
with singular fibres in codimension 1 in R 3 . Section 6 defines a more complicated special Lagrangian fibrationF : V → R 3 which models a certain kind of singular behaviour in codimension 2 in R 3 . Section 7 constructs a continuous 1-parameter family of special Lagrangian fibrations F t : V → R 3 for t ∈ [0, 1], where F 0 is smooth, but F t is not smooth for t ∈ (0, 1]. Thus the F t model how to deform smooth special Lagrangian fibrations to non-smooth ones.
In each of §5- §7 we also discuss what features of our examples we expect to hold for special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, and why. Finally, in §8 we explain the picture of smooth special Lagrangian fibrations built up by Gross and Ruan, and by considering the changes as we deform from a smooth to a generic fibration, we draw some conclusions on the SYZ Conjecture.
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Special Lagrangian geometry
We now introduce the idea of special Lagrangian submanifolds (SL m-folds), in two different geometric contexts. First, in §2.1, we define SL m-folds in C m . Then §2.2 discusses SL m-folds in almost Calabi-Yau m-folds, compact Kähler manifolds equipped with a holomorphic volume form which generalize the idea of Calabi-Yau manifolds. Finally, section 2.3 considers the singularities of SL m-folds. The principal references for this section are Harvey and Lawson [8] and the author [11] .
Special Lagrangian submanifolds in C m
We begin by defining calibrations and calibrated submanifolds, following Harvey and Lawson [8] .
Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent k-plane V on M is a vector subspace V of some tangent space T x M to M with dim V = k, equipped with an orientation. If V is an oriented tangent k-plane on M then g| V is a Euclidean metric on V , so combining g| V with the orientation on V gives a natural volume form vol V on V , which is a k-form on V . Now let ϕ be a closed k-form on M . We say that ϕ is a calibration on M if for every oriented k-plane V on M we have ϕ| V vol V . Here ϕ| V = α · vol V for some α ∈ R, and ϕ| V vol V if α 1. Let N be an oriented submanifold of M with dimension k. Then each tangent space T x N for x ∈ N is an oriented tangent k-plane. We say that N is a calibrated submanifold if ϕ| TxN = vol TxN for all x ∈ N .
It is easy to show that calibrated submanifolds are automatically minimal submanifolds [8, Th. II.4.2] . Here is the definition of special Lagrangian submanifolds in C m , taken from [8, §III] . 
Then Re Ω and Im Ω are real m-forms on C m . Let L be an oriented real submanifold of C m of real dimension m. We say that L is a special Lagrangian submanifold of C m , or SL m-fold for short, if L is calibrated with respect to Re Ω, in the sense of Definition 2.1.
Harvey and Lawson [8, Cor. III. 1.11] give the following alternative characterization of special Lagrangian submanifolds: 
Almost Calabi-Yau m-folds and SL m-folds
We shall define special Lagrangian submanifolds not just in Calabi-Yau manifolds, as usual, but in the much larger class of almost Calabi-Yau manifolds. 
Then for each x ∈ M there exists an isomorphism T x M ∼ = C m that identifies g x , ω x and Ω x with the flat versions g, ω, Ω on C m in (1) . Furthermore, g is Ricci-flat and its holonomy group is a subgroup of SU(m).
This is not the usual definition of a Calabi-Yau manifold, but is essentially equivalent to it. Definition 2.5 Let (M, J, ω, Ω) be an almost Calabi-Yau m-fold, and N a real m-dimensional submanifold of M . We call N a special Lagrangian submanifold, or SL m-fold for short, if ω| N ≡ Im Ω| N ≡ 0. It easily follows that Re Ω| N is a nonvanishing m-form on N . Thus N is orientable, with a unique orientation in which Re Ω| N is positive.
Again, this is not the usual definition of special Lagrangian submanifold, but is essentially equivalent to it. When (M, J, ω, Ω) is a Calabi-Yau m-fold, N is special Lagrangian if and only if it is calibrated w.r.t. Re Ω. More generally [11, §9.4] , SL m-folds in an ACY m-fold are calibrated w.r.t. Re Ω, but for a suitably conformally rescaled metric g.
Thus, we could define SL m-folds in ACY m-folds using calibrated geometry, as in Definition 2.2. But in the author's view the definition of SL m-folds using the vanishing of closed forms is more fundamental than that using calibrated geometry, and so should be taken as the primary definition.
The deformation theory of special Lagrangian submanifolds was studied by McLean [16, §3] , who proved the following result in the Calabi-Yau case. The extension to the ACY case is described in [11, §9.5] . Using similar methods one can prove [11, §9.3, §9.5]:
. Then N 0 extends to a smooth 1-parameter family N t : t ∈ (−δ, δ) , where 0 < δ ǫ and N t is a compact SL m-fold in (M, J t , ω t , Ω t ).
Singularities of SL m-folds
We shall now briefly summarize some definitions and conjectures about singularities of special Lagrangian m-folds, taken from [11, §10] . The author has sketch proofs for the conjectures (at least in complex dimension m < 6) and hopes to publish full proofs fairly soon. For more details and motivation, see [11] . Here are some definitions to do with special Lagrangian cones in C m .
Definition 2.8 A (singular) SL m-fold C in C m is called a cone if C = tC for all t > 0, where tC = {tx : x ∈ C}. Let C be an SL cone in C m . Then either C is an m-plane R m in C m , or C is singular at 0. We are interested primarily in SL cones C in which 0 is the only singular point, that is, in which 0 is an isolated singularity. Then Σ = C ∩ S 2m−1 is a compact, nonsingular (m − 1)-submanifold of S 2m−1 . We define the number of ends at infinity of C to be the number k of connected components of Σ.
Let C be an SL cone in C m with an isolated singularity at 0, and let Σ = C ∩ S 2m−1 . Regard Σ as a compact Riemannian manifold, with metric induced from the round metric in S 2m−1 . Let ∆ = d * d be the Laplacian on functions on Σ. Define the Legendrian index l-ind(C) to be the number of eigenvalues of ∆ in (0, 2m), counted with multiplicity.
Let the connected components of Σ be Σ 1 , . . . , Σ k . Define the cone C to be rigid if for each j = 1, . . . , k, the eigenspace of ∆ on Σ j with eigenvalue 2m has dimension dim SU (m) − dim G j , where G j is the Lie subgroup of SU(m) preserving Σ j .
The point of these definitions is that Σ is a minimal Legendrian submanifold in S 2m−1 , and is thus a stationary point of the area functional amongst all Legendrian submanifolds in S 2m−1 . The Legendrian index is the index of this stationary point. The cone C is the union of one-ended cones C 1 , . . . , C k intersecting at 0, and C is rigid if all infinitesimal deformations of C j as an SL cone come from infinitesimal rotations of C j by SU(m) matrices, for each j. Now SL cones are important because they are local models for the simplest kind of singularities of SL m-folds in almost Calabi-Yau m-folds. To understand how singular SL m-folds modelled upon an SL cone C in C m can arise as limits of nonsingular SL m-folds, we need to consider SL m-folds L in C m asymptotic to C at infinity. Definition 2.9 Let C be an SL cone in C m with isolated singularity at 0, and let Σ = C ∩ S 2m−1 , so that Σ is a compact, nonsingular (m − 1)-manifold. Let h be the metric on Σ induced by the metric g on C m , and r the radius function on C m . Define ι : Σ × (0, ∞) → C m by ι(σ, r) = rσ. Then the image of ι is C \ {0}, and ι * (g) = r 2 h + dr 2 is the cone metric on C \ {0}.
Let L be a closed, nonsingular SL m-fold in C m . We call L Asymptotically Conical (AC) with cone C if there exists a compact subset K ⊂ L and a diffeomorphism φ : Σ × (R, ∞) → L \ K for some R > 0, such that |φ − ι| = o(r) and
. . , where ∇ is the Levi-Civita connection of the cone metric ι * (g), and | . | is computed using ι * (g).
In [11, §10] this notion of Asymptotically Conical is referred to as weakly Asymptotically Conical, to distinguish it from a second class of strongly Asymptotically Conical SL m-folds which converge to C to order O(r −1 ) rather than o(r). However, we will not need the idea of strongly AC SL m-folds in this paper.
The following conjecture [11, Conj. 10.3] 
Our next conjecture [11, Conj. 10.7 ] is a first approximation to the kinds of deformation results the author expects to hold for singular SL m-folds in almost Calabi-Yau m-folds. 
Suppose we have a suitably generic almost Calabi-Yau m-fold M and a compact, singular SL m-fold N 0 in M , which is the limit of a family of compact nonsingular SL m-folds N in M . We (loosely) define the index of the singularities of N 0 to be the codimension of the family of singular SL m-folds with singularities like those of N 0 in the family of nonsingular SL m-folds N . Thus, in the situation of Conjecture 2.11, the index of the singularities is b 1 (L) + k − 1 + l-ind(C) − 2m. More generally, one can work not just with a fixed generic almost CalabiYau m-fold, but with a generic family of almost Calabi-Yau m-folds. So, for instance, if we have a generic k-dimensional family of almost Calabi-Yau mfolds M , and in each M we have an l-dimensional family of SL m-folds, then in the total (k+l)-dimensional family of SL m-folds we are guaranteed to meet singularities of index at most k+l.
Now later in the paper we shall study the behaviour of special Lagrangian fibrations of almost Calabi-Yau 3-folds, which are 3-dimensional families of SL 3-folds. If the ACY 3-fold is generic then such fibrations will contain singularities of index at most 3. This is a useful fact, as it means there will be only a few kinds of singular behaviour to worry about.
One important reason we have chosen to work in almost Calabi-Yau manifolds, rather than just in Calabi-Yau manifolds, is that almost Calabi-Yau manifolds occur in infinite-dimensional families. Thus, taking the underlying almost Calabi-Yau manifold to be generic is a very powerful assumption, and should simplify the singular behaviour of SL m-folds considerably. However, Calabi-Yau manifolds only occur in finite-dimensional families, and so working in a generic Calabi-Yau manifold is not that strong an assumption, and probably will not help very much.
Introduction to special Lagrangian fibrations
We begin by defining special Lagrangian fibrations, following Gross [5, Def. 1.4]. Here integral currents are meant in the sense of Geometric Measure Theory. They are a measure-theoretic generalization of submanifold, including singular submanifolds. Harvey and Lawson [8, §I] frame their discussion of calibrated geometry in terms of currents, and define calibrated integral currents as well as calibrated submanifolds. For an introduction to Geometric Measure Theory, see Morgan [17] .
We shall not use much Geometric Measure Theory in this paper. The point to note is that the fibres f −1 (b) are compact SL m-folds in M without boundary, which may have singularities of a fairly general kind. The basic idea is that on a nonsingular fibre N b one can define a natural action of T * b B = R m , which turns out to be transitive on connected components. Now arbitrary SL fibrations f : M → B are difficult to study, as we have little control over their singular behaviour. So it is helpful to add extra simplifying assumptions. Two such assumptions we will consider in this paper are that f is smooth, and that f is generic. 
But by a result of Almgren, the singularities of a minimal submanifold are of Hausdorff codimension at least two. Combining these two shows that rank(d x f ) cannot be m − 1, so that if x is a singular point of
Using these ideas, one can show that if f : M → B is a smooth SL fibration of an almost Calabi-Yau 3-fold with discriminant ∆, then under good circumstances we expect the following properties:
(i) ∆ is a union ∆ 0 ∪ ∆ 1 , where ∆ 0 is a finite set of points, and ∆ 1 a finite set of open intervals. Essentially, ∆ is a graph in B.
(ii) For each b ∈ ∆ 1 , the singular set of N b is a finite number of circles S 1 , and the singularities are locally modelled on L × R in C 2 × C, where L is a special Lagrangian 2-fold in C 2 with an isolated singularity at 0.
That is, singular fibres occur in codimension two in the base, and the generic singular fibre has a one-dimensional singular set. Next we define generic SL fibrations.
Definition 3.6 Let (M, J, ω, Ω) be a Calabi-Yau or almost Calabi-Yau m-fold, and f : M → B a special Lagrangian fibration of (M, J, ω, Ω). We shall say that some property of f is generic if for all Kähler formsω on M in the same Kähler class as ω and sufficiently close to ω, there exists close to f a special Lagrangian fibrationf : M → B of the almost Calabi-Yau m-fold (M, J,ω, Ω) with the same property. Examples of properties of f that might or might not be generic are: existence, smoothness, every singular fibre has only finitely many singular points, and so on.
Here is the reasoning behind this definition. We intend to call a property of a special Lagrangian fibration generic if it holds for fibrations of all nearby almost Calabi-Yau m-folds (M,J,ω,Ω). Now if N is a nonsingular fibre of f , then Theorem 2.7 shows that the only obstructions to finding an SL m-fold in
To ensure this holds, we restrict our attention to ACY m-folds (M,J,ω,Ω) We now review the author's three papers [12, 13, 14] studying special Lagrangian 3-folds N in C 3 invariant under the U(1)-action
The three papers are briefly surveyed in [15] . The results most relevant to this paper are in [14, §8] , which constructs large families of U(1)-invariant special Lagrangian fibrations on open subsets of C 3 . These will be summarized in §4.5, after some introductory material needed to understand and explain them.
Background material from analysis
A closed, bounded, contractible subset S in R n will be called a domain if the interior S
• of S is connected with S = S • , and the boundary ∂S = S \ S • is a compact embedded hypersurface in R n . A domain S in R 2 is called strictly convex if S is convex and the curvature of ∂S is nonzero at every point.
Let S be a domain in R n . Define C k (S) for k 0 to be the space of continuous functions f : S → R with k continuous derivatives, and define the norm
For k 0 and α ∈ (0, 1), define the Hölder space C k,α (S) to be the subset of f ∈ C k (S) for which
is finite, and define the Hölder norm on
A second-order quasilinear operator Q :
where a ij and b are continuous maps S × R × (R n ) * → R, and a ij = a ji for all i, j = 1, . . . , n. We call the functions a ij and b the coefficients of Q. We call Q elliptic if the symmetric n × n matrix (a ij ) is positive definite at every point. A second-order quasilinear operator Q is in divergence form if it is written
If Q is in divergence form, we say that integrable functions u, f are a weak solution of the equation Qu = f if u is weakly differentiable with weak derivative ∂u, and a j (x, u, ∂u), b(x, u, ∂u) are integrable with
for all ψ ∈ C 1 (S) with ψ| ∂S ≡ 0. If Q is a second-order quasilinear operator, we may interpret the equation Qu = f in three different senses:
• We just say that Qu = f if u ∈ C 2 (S), f ∈ C 0 (S) and Qu = f in C 0 (S) in the usual way.
• We say that Qu = f holds with weak derivatives if u is twice weakly differentiable and Qu = f holds almost everywhere, defining Qu using weak derivatives.
• We say that Qu = f holds weakly if Q is in divergence form and u is a weak solution of Qu = f . Note that this requires only that u be once weakly differentiable, and the second derivatives of u need not exist even weakly.
Clearly the first sense implies the second, which implies the third. If Q is elliptic and a j , b, f are suitably regular, one can usually show that a weak solution to Qu = f is a classical solution, so that the three senses are equivalent. But for singular equations that are not elliptic at every point, the three senses are distinct.
Finding the equations
Let N be a special Lagrangian 3-fold in C 3 invariant under the U(1)-action (4). Locally we can write N in the form
where S is a domain in R 2 , a ∈ R and u, v : S → R are continuous.
is the moment map of the U(1)-action (4), and so
We choose the constant to be 2a. Effectively (6) 
The proof is elementary: at each point z ∈ N we calculate the tangent space T z N in terms of ∂u, ∂v, and use Proposition 2.3 to find the conditions for T z N to be a special Lagrangian
so z is a singular point of N , and T z N does not exist.
Using (8) 
Conversely, if v ∈ C 2 (S) satisfies (9) then there exists u ∈ C 2 (S), unique up to addition of a constant u → u + c, such that u, v satisfy (8) . Now (9) is a second order quasilinear elliptic equation, in divergence form. Thus we can consider weak solutions of (9) when a = 0, which need be only once weakly differentiable. We shall be interested in solutions of (7) with singularities, and the corresponding SL 3-folds N . It will be helpful to define a class of singular solutions of (7). Definition 4.3 Let S be a domain in R 2 and u, v ∈ C 0 (S). We say that (u, v) is a singular solution of (7) (ii) v is a weak solution of (9) with a = 0, as in §4.2.
(iii) Define the singular points of u, v to be the (x, 0) ∈ S with v(x, 0) = 0.
Then except at singular points, u, v are C 2 in S and real analytic in S • , and satisfy (7) in the classical sense.
This list of properties is somewhat arbitrary. The point is that [13, §8- §9] gives powerful existence and uniqueness results for solutions u, v of (7) satisfying conditions (i)-(iv) and various boundary conditions on ∂S, and all of (i)-(iv) are useful in different contexts.
Examples
The following example is due to Harvey and Lawson [8, §III.3 .A].
Example 4.4 The map
is a smooth special Lagrangian fibration of C 3 . The fibres of f are invariant under a subgroup U (1) 2 in SU(3) acting by
and every U(1) 2 -invariant SL 3-fold in C 3 is locally made up of fibres of f . By [10, Ex. 5.1] the discriminant of f , in the sense of §3, is
It is a trivalent graph, of codimension two in R 3 .
We are interested in a family of particular fibres of f which decompose into two pieces. Let a ∈ R, and define
Then N a is half of the fibre f −1 (2a, 2a, 0) when a 0, and half of the fibre f −1 (2a, 0, 0) when a < 0, so N a is special Lagrangian. One can show that N a is a nonsingular SL 3-fold diffeomorphic to S 1 × R 2 when a = 0, and N 0 is an SL T 2 -cone with one singular point at (0, 0, 0). Note that even though N a is defined using an inequality Re(z 1 z 2 z 3 ) 0, it has no boundary. This is because the fibres f −1 (2a, 2a, 0) for a > 0, and f −1 (2a, 0, 0) for a < 0, are actually the union of two nonsingular SL 3-folds S 1 × R 2 , which intersect in a circle. The inequality is used to pick out one of these two SL 3-folds.
By [12, Th. 5 .1], these SL 3-folds N a can be written in the form (6).
is the special Lagrangian 3-fold N a of (13) . Furthermore:
(a) u a , v a are smooth on R 2 and satisfy (8) , except at (0, 0) when a = 0, where they are only continuous.
(b) u a (x, y) < 0 when y > 0 for all x, and u a (x, 0) = 0 for all x, and u a (x, y) > 0 when y < 0 for all x.
(c) v a (x, y) > 0 when x > 0 for all y, and v a (0, y) = 0 for all y, and v a (x, y) < 0 when x < 0 for all y.
In fact [12, §5] considers only the case a 0, but the case a < 0 and part (f) follow quickly by exchanging z 1 and z 2 . Note that although the N a for a > 0 and a < 0 are both diffeomorphic to S 1 × R 2 , nonetheless there is a topological change as a goes from positive to negative, as the fibres undergo a surgery, a Dehn twist on S 1 .
Generating u, v from a potential f
In [12, Prop. 7 .1] we show that solutions u, v ∈ C 1 (S) of (8) 
This f is unique up to addition of a constant, f → f + c. Conversely, all solutions of (15) yield solutions of (8) .
Equation (15) 
Theorem 4.7 Suppose S is a strictly convex domain in R
2 invariant under (x, y) → (x, −y), and k 0, α ∈ (0, 1). Let a ∈ R and φ ∈ C k+3,α (∂S). Then if a = 0 there exists a unique f ∈ C k+3,α (S) with f | ∂S = φ satisfying (15) . If a = 0 there exists a unique f ∈ C 1 (S) with f | ∂S = φ, which is twice weakly differentiable and satisfies (15) with weak derivatives.
and if a = 0 then u, v ∈ C 0 (S) are a singular solution of (7), in the sense of Definition 4.3. Furthermore, f depends continuously in C 1 (S), and u, v depend
Combining Proposition 4.1 and Theorem 4.7 gives existence and uniqueness for a large class of U(1)-invariant SL 3-folds in C 3 , with boundary conditions, including singular SL 3-folds. It is interesting that this existence and uniqueness is entirely unaffected by singularities appearing in S
• .
Special Lagrangian fibrations
We can use Theorem 4.7 to construct large families of special Lagrangian fibrations of open subsets of C 3 invariant under the U(1)-action (4), including singular fibres. Definition 4.8 Let S be a strictly convex domain in R 2 invariant under (x, y) → (x, −y), let U be an open set in R 3 , and α ∈ (0, 1). Suppose Φ :
′ , c ′ ) has exactly one local maximum and one local minimum in ∂S.
Let α = (a, b, c) ∈ U , and let f α ∈ C 3,α (S) be the unique (weak) solution of (15) (8) if a = 0, and a singular solution of (7) 
Then N α is a noncompact SL 3-fold without boundary in C 3 , which is nonsingular if a = 0, by Proposition 4.1.
By [14, Th. 8.2] the N α are the fibres of a special Lagrangian fibration.
Theorem 4.9 In the situation of Definition 4.8, if
There exists an open set V ⊂ C 3 and a continuous, surjective map
, which may include singular fibres.
The main step in the proof is to show that distinct N α do not intersect, so that they fibre V = α∈U N α . The tool we use to do this is the following result [12, Th. 7.11], [14, Th. 7.10]:
Theorem 4.10 Suppose S is a strictly convex domain in R 2 invariant under (x, y) → (x, −y), and a ∈ R, k 0, α ∈ (0, 1), and
Suppose φ 1 −φ 2 has l local maxima and l local minima on ∂S.
Here isolated zeroes of ( 
• , counted with multiplicity, in terms of the boundary data φ 1 , φ 2 .
Suppose α = (a, b, c) and
has one local maximum and one local minimum in ∂S, by Definition 4.8. So Theorem 4.10 applies with l = 1 to show that
For reasons explained in [14, §8] , we chose to define N α in (16) over S
• rather than S, and so end up with a noncompact SL 3-fold without boundary rather than a compact SL 3-fold with boundary. The results can be extended to compact SL 3-folds N α with boundary, but it makes the statements rather more complicated, and introduces new technical problems when N α has singularities on its boundary. There is a simple way [14, Ex. 8.3 ] to produce families Φ satisfying Definition 4.8, and thus generate many SL fibrations of open subsets of C 3 .
Example 4.11 Let S be a strictly convex domain in R 2 invariant under (x, y) → (x, −y), let α ∈ (0, 1) and φ ∈ C 3,α (∂S). Define U = R 3 and Φ :
′ are not both zero and S is strictly convex, it easily follows that (b − b ′ )x + (c − c ′ )y has one local maximum and one local minimum in ∂S.
Hence the conditions of Definition 4.8 hold for S, U and Φ, and so Theorem 4.9 defines an open set V ⊂ C 3 and a special Lagrangian fibration F : V → C 3 . One can also show that changing the parameter c in U = R 3 just translates the fibres N α in C 3 , and
A rough classification of singular points
In [14, §9] we study singular points of a singular solution u, v of (7).
Definition 4.12 Let S be a domain in R 2 , and u, v ∈ C 0 (S) a singular solution of (7), as in Definition 4.3. Suppose for simplicity that S is invariant under
Observe that a singularity of (u, v) is automatically a zero of (u,
. Define the multiplicity of an isolated singularity (b, 0) of (u, v) in S
• to be the winding number of (u, v) − (u ′ , v ′ ) about 0 along the positively oriented circle γ ǫ (b, 0) of radius ǫ about (b, 0), where ǫ > 0 is chosen small enough that γ ǫ (b, 0) lies in S
• and (b, 0) is the only zero of (u, 
is singular along the x-axis in S, and the singularities are nonisolated. Otherwise there are at most countably many singularities of (u, v) in S
• , all isolated.
We divide isolated singularities (b, 0) into four types, depending on the behaviour of v(x, 0) near (b, 0). Definition 4.14 Let S be a domain in R 2 , and u, v ∈ C 0 (S) a singular solution of (7), as in Definition 4.3. Suppose (b, 0) is an isolated singular point of (u, v) in S
• . Then there exists ǫ > 0 such that for 0 < |x − b| < ǫ we have (x, 0) ∈ S
• and v(x, 0) = 0. So by continuity v is either positive or negative on each of
we say the singularity (b, 0) is of increasing type.
we say the singularity (b, 0) is of decreasing type.
we say the singularity (b, 0) is of maximum type. Theorem 4.16 Suppose S is a strictly convex domain in R 2 invariant under (x, y) → (x, −y), and φ ∈ C k+3,α (∂S) for k 0 and α ∈ (0, 1). Let u, v be the singular solution of (7) 
Two model special Lagrangian fibrations
We shall now define two piecewise smooth special Lagrangian fibrations F, F ′ : C 3 → R 3 with singular fibres of codimension one in R 3 . These will be our local models for the most generic kind of singularity in special Lagrangian fibrations of generic Calabi-Yau 3-folds. Here is the first.
Then N a,c is a nonsingular SL 3-fold diffeomorphic to S 1 × R 2 if a = 0, and N 0,c is an SL T 2 -cone singular at (0, 0, c).
for all a, c ∈ R × C, and F is a continuous, piecewisesmooth SL fibration of C 3 , which is not smooth on
Proof. Comparing (13) and (17) shows that N a,c is the translation by (0, 0, c) of the SL 3-fold N a of §4.3. Hence N a,c is a nonsingular special Lagrangian S 1 × R 2 if a = 0, and an SL T 2 -cone singular at (0, 0, c) if a = 0. It is also easy to see that F is well-defined, continuous, piecewise smooth, and not smooth on |z 1 | = |z 2 |.
One can show from (17) that if (z 1 , z 2 , z 3 ) ∈ N a,c then 2a = |z 1 | 2 − |z 2 | 2 and
Thus, if z 1 z 2 = 0 dividing by z 1 z 2 and rearranging yields
Using the equations |z 1 | 2 = z 1z1 and |z 2 | 2 = z 2z2 to rewrite these expressions gives the second case of (19) when z 2 = 0 and the third when z 1 = 0.
If z 1 z 2 = 0, equation (17) implies that |z 3 − c| 2 = 0, so c = z 3 , giving the first case of (19), the second when z 2 = 0 and the third when z 1 = 0. So, if (z 1 , z 2 , z 3 ) ∈ N a,c then we can recover a, c from (z 1 , z 2 , z 3 ) as in (18)- (19) . Conversely, for any (z 1 , z 2 , z 3 ) in C 3 , defining a, c by (18)- (19) and reversing the proof above, we find that (z 1 , z 2 , z 3 ) ∈ N a,c . Hence F −1 (a, c) = N a,c , and F is a special Lagrangian fibration of C 3 .
Using Theorem 4.5 we write the fibres N a,c of F in the form (6).
Proposition 5.2
The SL 3-folds N a,c of Theorem 5.1 may be written
for u a,c , v a,c : R 2 → R defined using the functions u a , v a of Theorem 4.5 by
By applying the involution (z 1 , z 2 , z 3 ) → (−z 1 , z 2 , z 3 ) to C 3 we transform F to a second SL fibration F ′ . The previous two results quickly yield: 
for u 
Discussion
Theorems 5.1 and 5.3 define SL fibrations F, F ′ of C 3 in which every fibre is invariant under the U(1)-action (4) and is written in the form (6) . The singular fibres of the fibration are N 0,c for c ∈ C, which is singular only at (0, 0, c). Thus the set of singular points of singular fibres of the fibration is (0, 0, c) : c ∈ C , the complex z 3 -axis.
However, F is not smooth on the whole real hypersurface |z 1 | = |z 2 |, which includes the set of singular points but many other points as well. Thus F fails to be smooth not only at singular points of singular fibres, but also at nonsingular points of singular fibres. We should understand the non-smoothness of F as being related not to a singularity at the point in question, but to a change in the global topology of the whole fibre.
In Theorems 5.1 and 5.3 the base space B is R × C, and the discriminant ∆ of Definition 3.2 is {0} × C. Thus, ∆ is of real codimension one in B. Now by Proposition 3.5, for smooth SL fibrations ∆ has Hausdorff codimension two in B. Therefore the piecewise-smooth SL fibrations of Theorems 5.1 and 5.3 have very different behaviour to smooth SL fibrations.
We can discuss the singular fibres of F, F ′ from the point of view of §4.6. Observe that (u 0 , v 0 ) of Theorem 4.5 is a singular solution of (7) in the sense of Definition 4.3, with an isolated singularity at (0, 0). Using parts (b) and (c) of Theorem 4.5, it is easy to show that this singularity is of multiplicity one and increasing type, in the sense of §4.6.
Now Propositions
We can also discuss the fibrations using the material of §2.3, in particular the idea of the index of a singularity. The singular fibres of F and F ′ are special Lagrangian T 2 -cones modelled on
It is shown in [9, Lem. 3.2] that C is rigid and l-ind(C) = 6, in the sense of Definition 2.8. Therefore Conjecture 2.11 describes the expected behaviour when singularities of SL 3-folds with cone C appear at the boundary of a moduli space of nonsingular SL 3-folds.
As we explained in §2.3, in the situation of Conjecture 2.11 the index of the singularities is
1 (L) = 1, and k = 1, l-ind(C) = 6 and m = 3, so the index is 1. Hence we expect singularities modelled on C to occur in real codimension 1 in generic families of SL 3-folds. More generally, if we have a generic k-dimensional family of almost Calabi-Yau 3-folds M , and in each M we have an l-dimensional family of SL 3-folds, then in the total (k+l)-dimensional family of SL 3-folds we expect singularities modelled on C to occur in codimension 1.
We can use this to draw conclusions on the expected behaviour of SL fibrations locally modelled on the fibration F or F ′ . Suppose M 0 is an almost Calabi-Yau 3-fold in a generic k-dimensional family A of almost Calabi-Yau 3-folds M , and that M 0 admits an SL fibration f 0 : M 0 → B 0 with generic fibre T 3 , which is locally modelled on F or F ′ near some singular point. Suppose also that the obstructions in Theorem 2.7 to extending the nonsingular fibres of f 0 to the other ACY 3-folds M in A all vanish. Then for all M in A close to M 0 there exists a 3-dimensional moduli space of SL T 3 's in M , by Theorems 2.6 and 2.7. So we have a (k + 3)-dimensional family of special Lagrangian T 3 's in the k-dimensional family A of ACY 3-folds M . As singularities modelled on C have index one, we expect them to occur in real codimension one at the boundary of this (k+3)-dimensional family. Since there is a 2-dimensional family of such singular fibres in M 0 , the only way to extend this to a (k+2)-dimensional family of singular SL 3-folds is for there to exist a 2-dimensional family of singular SL 3-folds with singularities modelled on C at the boundary of the moduli space of SL T 3 's in each ACY 3-fold M in A close to M 0 .
Thus, in each ACY 3-fold M close to M 0 we expect to find a 3-dimensional family of SL T 3 's, bounded by a 2-dimensional moduli space of singular SL 3-folds modelled on the cone C. So it is reasonable to expect that these SL 3-folds locally form a fibration approximately modelled on F or F ′ . That is, we expect SL fibrations locally modelled on F or F ′ to be stable under small deformations of the underlying almost Calabi-Yau 3-fold.
We can now frame a conjecture, justified by the argument above. 
Here I have deliberately not said exactly what I mean by F, F
′ being local models for an SL fibration f : M → B. Roughly speaking, I want f to have the same topological structure as F or F ′ locally, and near each singular point for each fibre of f , singular or nonsingular, to approximate a corresponding fibre of F or F ′ under a local approximate isomorphism ϕ : C 3 → M , although for different fibres we may use different isomorphisms ϕ. I hope to prove a version of Conjecture 2.11 for m < 6 soon, and it should then be possible to prove a more precise version of Conjecture 5.5.
Finally we discuss holomorphic discs with boundary in the fibres of F, F ′ .
Lemma 5.6 Let a > 0 and c ∈ C. Then (z 1 , 0, c) : Holomorphic discs D with boundary in SL 3-folds L are typically stable objects which persist under small deformations of L. Also, the area of D is always positive. Suppose we deform L in M so that the area [ω] · [D] of D shrinks to zero. Then D shrinks down to a point, so that the boundary ∂D in L, a circle, is collapsed to a point. So L develops a singularity, a T 2 -cone, by collapsing an S 1 in L to a point. We can think of the singularities of the fibrations F, F ′ as occurring when the areas 2π|a| of the holomorphic discs in Lemma 5.6 with boundary in the fibres of F, F ′ shrink to zero, at a = 0. This should also be something which happens in SL fibrations of almost Calabi-Yau 3-folds, when holomorphic discs with boundaries in the fibres shrink to a point.
A model for codimension 2 singular behaviour
Theorems 5.1 and 5.3 modelled the singular behaviour the author expects to occur in codimension one in generic SL fibrations. We shall now construct a model for the next most generic kind of singular behaviour, which occurs in codimension two in generic SL fibrations.
Unfortunately we cannot write the fibration down explicitly, so we will construct it using the analytic results of §4 and describe its properties. We begin by defining a family of solutions (û a,α ,v a,α ) of (8).
Definition 6.1 Let D be the unit disc (x, y) ∈ R 2 : x 2 + y 2 1 in R 2 , with boundary S 1 , the unit circle. Define a coordinate θ : R/2πZ → S 1 by θ → (cos θ, sin θ). Then cos(jθ), sin(jθ) ∈ C ∞ (S 1 ) for j 1. For all a, α ∈ R letf a,α be the unique solution of (15) in D (with weak derivatives) given by Theorem 4.7, with this value of a and boundary condition f a,α | S 1 =φ α = α cos θ − cos(3θ).
(28)
, and a singular solution of (7) 
(ii)û a,α (−x, y) ≡ −û a,α (x, y) andv a,α (−x, y) ≡v a,α (x, y).
(iv) There exists C > 0 with |û a,α | C and |v a,α − α| C on D for all a, α. Proof. Asφ α has the symmetriesφ α (x, −y) = −φ α (−x, y) =φ α (x, y), uniqueness in Theorem 4.7 givesf a,α (x, −y) = −f a,α (−x, y) =f a,α (x, y), and parts (i), (ii) follow by taking partial derivatives. Part (iii) holds as (8) depends only on a 2 rather than a, andφ α is independent of a. An important part of the proof of Theorem 4.7 in [12, 13] was to derive a priori estimates for u C 0 and v C 0 in terms of φ C 2 . This was done by using functions of the form βx + γy + δ as super-and subsolutions for f at each point of ∂S, and so derive a bound for |∂f | on ∂S. As the maxima of u, v occur on ∂S, this implies bounds for |u|, |v| on S. Now in our case this can be done uniformly in α. That is, if βx + γy + δ − cos(3θ) on S 1 then (α + β)x + γy + δ φ α on S 1 for all α, and therefore (α + β)x + γy + δ f a,α on D for all a, α, and a similar statement for supersolutions. Following the proof of [12, Th. 3.9], we easily deduce part (iv).
and v 2 (x, y) =v a,α ′ (x, y).
Then (u j , v j ) satisfy (8) Thus φ 1 − φ 2 is a nontrivial linear combination of cos θ, sin θ, and has exactly 1 local maximum and 1 local minimum on S 1 . Applying Theorem 4.10 with l = 1 shows that (u 1 , v 1 ) − (u 2 , v 2 ) has no zeroes in D
• . But this contradicts
So given a ∈ R and (b, c) ∈ D • , whenever α < α ′ we havev a,α (b, c) = v a,α ′ (b, c). Sincev a,α (b, c) depends continuously on α, a, b, c it follows that v a,α (b, c) is either a strictly increasing or a strictly decreasing function of α, and which of the two is independent of a, b, c. Then (iv) shows it is increasing, proving (v).
For β ∈ R, we can consider (0, β) to be a solution of (8) on D, coming from Theorem 4.7 with f = βx and boundary data φ = β cos θ. Now α cos θ − cos(3θ) − β cos θ has at most 3 local maxima and 3 local minima on S 1 by [14, Prop. 10.2]. Hence, applying Theorem 4.10 with l = 3 shows that (û a,α ,v a,α ) − (0, β) has at most two zeroes in D
• , for any β ∈ R. We shall use this to show that (a) Suppose |x|, |x
(b) Suppose 0 < |x|, |y| < 1. Thenv a,α (x, 0) =v a,α (0, y). 0) and (±x ′ , 0), by part (ii). As there are at most two such points we must have x = ±x ′ , proving (a). Similarly, (ii) givesû a,α (0, y) ≡ 0. Thus if 0 < |x|, |y| < 1 andv a,α (x, 0) = v a,α (0, y) = β then by (i), (ii) we see that (û a,α ,v a,α ) = (0, β) at the four points (±x, 0) and (0, ±y), a contradiction. This proves (b). Now from (a), (b) and the continuity ofv a,α it is not difficult to see that either (vi), (vii) hold, or (vi), (vii) hold, but swapping 'increasing' and 'decreasing' throughout. But
so the average ofv a,α on the x-axis is α − 1, and
Thereforev a,α is greater on the y-axis than on the x-axis, and so (vi) and (vii) hold, rather than their opposites.
Next we identify the singularities of (û 0,α ,v 0,α ).
Proposition 6.3
There exist unique α 0 < α 1 in R such that:
(ii) (û 0,α0 ,v 0,α0 ) has a singularity of multiplicity 2 and maximum type at (0, 0), and no other singularities.
) has a singularity of multiplicity 1 and increasing type at (−x, 0), a singularity of multiplicity 1 and decreasing type at (x, 0), and no other singularities.
) is singular at (±1, 0) on ∂D, and has no other singularities.
Proof. This follows quickly from Theorem 6.2 using the Intermediate Value Theorem, except for the multiplicities of the singular points. To find these we apply Theorem 4.16 to (û 0,α ,v 0,α ). We have φ − φ ′ = 2α cos θ − 2 cos(3θ), which has at most 3 local maxima and 3 local minima on Next we use the results of §4.5 to construct the special Lagrangian fibration we want. We apply Example 4.11 with S = D and φ = − cos(3θ). Equivalently, we apply Definition 4.8 and Theorem 4.9 with S = D and Φ(a, α, β) = α cos θ + β sin θ − cos(3θ). Writing the definition and theorem out explicitly in our case gives:
ThenN a,α,β is a noncompact SL 3-fold without boundary in C 3 .
Theorem 6.5 In the situation above, distinctN a,α,β are disjoint. Define
Then there exists a continuous, surjective mapF :
Proposition 6.3 gives the discriminant ofF .
Corollary 6.6 In the situation above, the discriminant ofF iŝ
and the set of singular points is (0, 0, z 3 ) : z 3 ∈ C, | Re z 3 | < 1 .
Discussion
We have constructed an SL fibrationF in which the discriminant∆ is a ribbon, a portion of a plane in R 3 . As in §5,∆ is of real codimension one in the base R 3 . However, we are particularly interested in what happens at the boundary (0, α 0 , β) : β ∈ R of∆, which is of real codimension two in R 3 .
In the interior of∆, each singular fibreN 0,α,β with α ∈ (α 0 , α 1 ) has two singular points, both of multiplicity 1 and one each of increasing and decreasing type. Locally these singularities are modelled on SL T 2 -cones like C in (27). As α → α 0 , these two singular points come together, until at α = α 0 they fuse to form a different kind of singularity, of multiplicity 2. For α < α 0 there are no singularities. Thus the picture is that as α decreases through α 0 , the two singular points inN 0,α,β come together and cancel out. As α increases through α 1 the singular points cross the boundary of V . Now consider the set of singular points (0, 0, z 3 ) : z 3 ∈ C, | Re z 3 | < 1 . When Re z 3 ∈ (−1, 0), we see from part (iii) of Proposition 6.3 that the fibre ofF passing through (0, 0, z 3 ) has a singularity of multiplicity 1 and increasing type, like those of F in Theorem 5.1. When Re z 3 ∈ (0, 1), the fibre ofF through (0, 0, z 3 ) has a singularity of multiplicity 1 and decreasing type, like those of
So the situation is that near (0, 0, z 3 ) : z 3 ∈ C, Re z 3 ∈ (−1, 0) , the fibrationF is locally modelled on F in Theorem 5.1, and near (0, 0, z 3 ) : z 3 ∈ C, Re z 3 ∈ (0, 1) , the fibrationF is locally modelled on F ′ in Theorem 5.3. On the line (0, 0, z 3 ) : z 3 ∈ C, Re z 3 = 0 , we have multiplicity 2 singularities, which mark the transition between the F and F ′ local models. I claim thatF is a local model for generic SL fibrations. As in §5.1, I am not defining what I mean by a 'local model' here, but basically the fibrations should have the same topological structure and the same kinds of singularities. The conjecture might perhaps be proved using the ideas of §2.3: if we can show that the singularities ofN 0,α,β are of index 2 for α = α 0 and index 1 for α ∈ (α 0 , α 1 ), then it should follow by the argument in §5.1.
We shall explain one feature of these fibrations, and why it is generic, in more detail. For α ∈ (α 0 , α 1 ) the fibreN 0,α,β has two singular points. A priori this seems unlikely: distinct singular points ought to occur independently, and so for a fibre to have two codimension one singular points should be a codimension two phenomenon, not codimension one as inF . However, this is not the case.
We can explain this in terms of holomorphic discs, as in §5.1. Let us identify the holomorphic discs in C 3 with boundary inN a,α,β .
Lemma 6.8 Let a > 0, α, β ∈ R and x ∈ (0, 1) withv a,α (x, 0) = 0. Then
are two holomorphic discs with boundary inN a,α,β and area 2πa, and
are two holomorphic discs with boundary inN −a,α,β and area 2πa.
The proof is trivial. Suppose now that a > 0 is small, α ∈ (α 0 , α 1 ) and β ∈ R. Then by Theorem 6.2 and Proposition 6.3 there exists x ∈ (0, 1) witĥ v a,α (x, 0) = 0, and Lemma 6.8 gives holomorphic discs D ± with boundary in N a,α,β , and area 2πa. These discs are homologous in H 2 (C 3 ,N a,α,β ; R). This shows that distinct singular points of SL 3-folds may not be independent. Instead, if a singular point results from the collapse of a holomorphic disc, then singular points from the collapse of homologous holomorphic discs will always occur together. This is why it is permissible for the fibres ofF to have two singular points in codimension one, and for this to be generic.
We can also use this to explain why the discriminant∆ can have a boundary. For α ∈ (α 0 , α 1 ) and a small, there are two holomorphic discs D ± with boundary in N a,α,β . These discs have opposite sign, so that the number of holomorphic discs counted with signs is zero. As α decreases with a fixed, it reaches a value α ′ ≈ α 0 with v a,α ′ (0, 0) = 0, and then D ± come together and cancel out. For α < α ′ there are no holomorphic discs with boundary in N a,α,β . Thus, if we pass through the hypersurface a = 0 when α ∈ (α 0 , α 1 ), two holomorphic discs collapse to two singularities. But if we decrease a past α 0 , the two holomorphic discs cancel, and then we can pass through a = 0 without a singularity, as there are no holomorphic discs to collapse.
How smooth SL fibrations become non-smooth
Next we shall extend the results of §4 from strictly convex domains in R 2 to solutions on a strip in R 2 which are periodic under a group of translations. We shall use this to model what happens near an S 1 singularity of a singular fibre of a smooth SL fibration, and so describe how smooth SL fibrations become non-smooth under small deformations.
A class of periodic U(1)-invariant SL 3-folds
Here is the situation we shall work with. Definition 7.1 Let R, P > 0, and define S = (x, y) ∈ R 2 : |y| R . We shall study functions u, v : S → R which satisfy (7) or (8), and the periodicity condition u(x + P, y) ≡ u(x, y) and v(x + P, y) ≡ v(x, y) for all (x, y) ∈ S. (32)
The main point is that although S is noncompact, equation (32) implies that u, v are invariant under the Z-action
so we can treat u, v as functions on the annulus S/Z. Since S/Z is compact, analytic methods which rely on compactness will still apply, such as existence results for the Dirichlet problem.
Here are two lemmas on the consequences of the periodicity conditions (32). The second is an analogue of Proposition 4.2.
Lemma 7.2 Let R, P and S be as above, a = 0, and u, v ∈ C 1 (S) satisfy (8) and (32). Then there is a unique γ ∈ R with
Proof. Since u, v are continuously differentiable and satisfy (8), we have
using (32). Hence P 0 v(x, y) dx is independent of y, and (34) holds for some unique γ. Lemma 7.3 Let R, P and S be as above, and v ∈ C 2 (S) satisfy (9) for a = 0, v(x + P, y) ≡ v(x, y) for all (x, y) ∈ S, and
Proof. The proof of Proposition 4.2 shows that there exists u ∈ C 2 (S), unique up to u → u + c, such that u, v satisfy (8). Requiring u(0, 0) = 0 fixes c. As v is periodic under (33) we see from (8) that ∂u is periodic, and hence u satisfies u(x + P, y) ≡ u(x, y) + δ for some δ ∈ R. We must show δ = 0. As ∂u ∂x = ∂v ∂y , this follows from
In §6 our main tool for constructing SL fibrations was Theorem 4.7, the Dirichlet problem for solutions f of (15) . We could take the same approach in this situation, but it turns out to be more elegant to solve the Dirichlet problem for solutions v of (9) instead. Now [12, Th. 8.8] proves existence and uniqueness for the Dirichlet problem for v in (9) on domains in R 2 when a = 0. The proof does not assume the domain is convex, or use the fact that domains are contractible. In fact the proof applies to the compact annulus S/Z without change. This gives:
Theorem 7.4 Let R, P and S be as above, a = 0, k 0, and α ∈ (0, 1).
Before we extend this to the case a = 0, we prove some a priori estimates for solutions u, v in terms of the boundary data φ ± for v.
Theorem 7.5 Let R, P and S be as above, a = 0 and u, v ∈ C 2 (S) satisfy (8), (32), and u(0, 0) = 0. Define
Suppose further that A, B > 0 with |a| A, and φ
Then there exist C, D > 0 depending only on R, P, A, B such that
Proof. Regard v and ∂v ∂x as functions on the compact annulus S/Z, as they are invariant under the Z-action (33). Now using the maximum principle for elliptic equations of a certain form, [12, Cor. 4.4] shows that the maximum and minimum of v on a domain T occur on ∂T , and [12, Prop. 8.12 ] that the maximum of ∂v ∂x occurs on ∂T . These proofs are also valid on the compact annulus S/Z. But v(x, ±R) = φ ± (x) and
Maximizing and minimizing then gives (35).
Next we estimate |∂u|, |∂v| on ∂S, following [13, Prop. 8.6] . Observe that if (x, y) ∈ S with |y|
B. It follows that we can treat (9) as a quasilinear elliptic equation on v, which is uniformly elliptic on |y| 1 2 R, with constants of ellipticity depending only on A, B and R. Now Gilbarg and Trudinger [3, Th. 14.1, p. 337] show that if v ∈ C 2 (T ) satisfies a quasilinear equation Qv = 0 of the form (5) on a domain T and v| ∂T = φ ∈ C 2 (∂T ), then ∂v| ∂T C 0 K for some K > 0 depending only on T , upper bounds for v C 0 and φ C 2 , and certain constants to do with Q, which ensure that Q is uniformly elliptic and b not too large.
As this is a local result, it is enough for the conditions to hold within distance 1 2 R of ∂T . So there exists K > 0 depending only on A, B and R such that ∂v| ∂S C 0 K. But ∂v determines ∂u by (8), and we easily deduce a bound for ∂u| ∂S C 0 . Thus there exists D > 0 depending only on A, B and R such that ∂u| ∂S C 0 D and ∂v| ∂S C 0 D.
Finally we estimate u C 0 . Since u(x, R) is periodic in x with period P and ∂u ∂x (x, R) D, we see that the variation of x → u(x, R) is at most 1 2 P D. Similarly, the variation of x → u(x, −R) is at most 1 2 P D. Therefore u varies only a bounded amount from its average value on y = R, and the same on y = −R. We need to bound the difference between these average values. To do this we use the method of [13, §8.4 
The proof is that S/Z d J(a, v)du = ∂(S/Z) J(a, v)du by Stokes' Theorem, and using (8) to rewrite the l.h.s. gives (36). Therefore
where the second line follows from Hölder's inequality, and the third from (36) and the inequality (v 2 +y
which follows from (8) .
Using |a| A, |v| B and the methods of [13, Prop. 8 .10] we may derive a priori estimates depending only on A, B, R and P for the third line of (37) and the second integral on the first line. This gives an upper bound, E say, for
Therefore the difference in the average values of u on y = ±R is at most E/P . But the variation of u on y = R and on y = −R is at most 1 2 P D, from above. It follows that the variation of u on both lines y = ±R together is at most C = E/P + P D, which depends only on A, B, R and P . Now u satisfies a maximum principle by [12, Cor. 4.4] , and so the maximum and minimum of u on the compact annulus S/Z occur on ∂(S/Z). Hence the difference between the maximum and minimum of u is the variation of u on both lines y = ±R together, and is at most C. But u(0, 0) = 0, so the maximum is nonnegative, and the minimum nonpositive. Therefore the maximum is at most C and the minimum at least −C, and u C 0 C, completing the proof.
Our next result extends [13, Th. 8.17 & 8.18] . Theorem 7.6 Let R, P and S be as above, and a ∈ R, k 0, and α ∈ (0, 1). 
Proof. When a = 0, existence and uniqueness of v comes from Theorem 7.4, and of u from Lemma 7.3. To extend this to the case a = 0 by taking the limit a → 0 + we follow [13, §8] , using the a priori estimates of Theorem 7.5. There are few significant changes, and the problems caused by singular points on the boundary in [13] are absent in this case, as there are no points (x, 0) on ∂S. The final part is proved as in [13, Th. 8.18] .
Applying [12, Prop. 8.7] and [14, Th. 6 .16] on the annulus S/Z proves:
Theorem 7.7 Let R, P and S be as above, a ∈ R, k 0 and α ∈ (0, 1), and suppose φ
for all x ∈ R, and
Applications to SL fibrations
We can now prove analogues of Definition 4.8 and Theorem 4.9.
Definition 7.8 Let R, P and S be as above and α ∈ (0, 1). Suppose φ
are given for all a, b ∈ R and satisfy
For all a, b ∈ R, let (u a,b , v a,b ) be the (singular) solution of (8) produced in Theorem 7.6 from φ ± a,b . Let Z act on C 3 by
corresponding to (33). For all a, b, c ∈ R define N a,b,c in C 3 /Z by
Then N a,b,c is a noncompact SL 3-fold without boundary in C 3 /Z, which is nonsingular if a = 0, by Proposition 4.1. 
Then there exists a continuous, surjective map Here is a simple, explicit example. 
It readily follows that the special Lagrangian fibration F : V → C 3 of Theorem 7.9 is given by
Note that F is a smooth SL fibration. It is easy to show that N a,b,c is singular if and only if a = b = 0, so that the discriminant of F is ∆ = (0, 0, c) : c ∈ R . This is of codimension two in R 3 , as in Proposition 3.5. The singular set of N 0,0,c is (0, 0, x + ic) : x ∈ R /Z, which is a circle S 1 in C 3 /Z.
A 1-parameter family of SL fibrations
We now construct a 1-parameter family of SL fibrations F t for t ∈ [0, 1].
Example 7.11 Fix P = 2π, let t ∈ [0, 1], and define φ We can now prove an analogue of Proposition 6.3 for Example 7.11. 
and α(0) = β(0) = 0. For all t ∈ (0, 1] these have the properties that This gives the discriminant of F t .
Corollary 7.14 In Example 7.11, the discriminant of F t is
and the set of singular points is (0, 0, z 3 ) : Note that the set of singular points of F t in C 3 is independent of t.
Discussion
Example 7.11 constructs a continuous 1-parameter family of SL fibrations F t : V → R 3 for t ∈ [0, 1], where F 0 is the smooth SL fibration given explicitly in (41), but F t is not smooth for t ∈ (0, 1]. Thus, this provides a local model for how to continuously deform a smooth SL fibration to a non-smooth SL fibration.
We have now seen several examples of non-smooth SL fibrations, and a local mechanism for deforming smooth SL fibrations to non-smooth ones. This justifies the following: Suppose we have an almost Calabi-Yau 3-fold M with a smooth SL fibration f : M → B. What happens to the fibration if we deform M to a nearby generic almost Calabi-Yau 3-foldM ? I believe that the SL fibration will still exist, at least on most ofM , but that it will be only piecewise smooth.
For a smooth SL fibration the discriminant ∆ is of codimension two, and is expected to be a graph. In Example 7.11, when t = 0 and F 0 is smooth, the discriminant ∆ 0 is a line in R 3 , of codimension two, but as t increases ∆ t thickens out continuously into a ribbon in R 3 , of codimension one. In the same way, in a small generic deformationM of M , I conjecture that the edges of the graph ∆ in B thicken out into 2-dimensional ribbons in∆ ⊂ B. We will discuss what happens near the vertices of ∆ in §8.
We can also relate the behaviour of F t to the local models of §5 and §6: Both fibres are constructed by taking a fibration π : T 3 → T 2 with fibre S 1 , and collapsing the fibres to points over a graph Γ in T 2 . In the type II case Γ has three edges and two vertices, and in the typeĨI case it has two edges and one vertex. In both cases N b has Euler characteristic −1.
The monodromies around the three edges γ 1 , γ 2 , γ 3 meeting at b are
with respect to a suitable basis of H 1 (T 3 ; Z). At present, to the author's knowledge, there is no known local model for a smooth special Lagrangian fibration (or even a smooth Lagrangian fibration) in the neighbourhood of a codimension three singular point of a negative singular fibre. The author conjectures that no such local model exists. If this is the case then smooth SL fibrations may not exist on general Calabi-Yau 3-folds, even with a very nongeneric choice of almost Calabi-Yau metric.
We will refer to the singular fibres over positive and negative vertices as positive and negative singular fibres respectively. Our notation of positive and negative vertices was suggested by David Morrison, and refers to the sign of the Euler characteristic of the singular fibres. Gross' notation refers to the Betti numbers (b 1 , b 2 ) of the singular fibres.
Modification of this picture for generic ACY 3-folds
Now we shall something about what special Lagrangian fibrations of generic almost Calabi-Yau 3-folds might look like. Suppose we start with a smooth Gross-Ruan fibration f : M → B, either of a nongeneric almost Calabi-Yau 3-fold or of the degenerate large complex structure limit, and make a small perturbation to a generic almost Calabi-Yau 3-fold. What happens to the fibration? Near a nonsingular fibre
of f , the fibration should remain nonsingular, and the local geometry unchanged. The interesting question is what happens to the singular fibres of f . The following is the author's best guess, on the assumption that SL fibrations are well-behaved in the generic case. We preface it with some remarks on monodromy and coordinates on the moduli space.
Let f : M → B be an SL fibration. By Theorem 2.6, near a nonsingular fibre In what follows, as long as we make use of only Γ b -invariant objects, we can think of B as being locally like R 3 and mostly ignore the monodromy action. We shall represent elements of H 1 (N b ′ ; Z) by column vectors, and elements of H 1 (N b ′ ; R) by row vectors, upon which the monodromy matrices of equations (44)- (46) act by left and right multiplication respectively.
Here is a conjectural picture of how generic SL fibrations work around perturbations of the Gross-Ruan singular fibres described in parts (a)-(c) of §8.1.
(a) Edges
The author conjectures that under small deformations, the 'edges' γ in the Gross-Ruan picture will thicken out into thin 'ribbons' R of the kind described in §7. represented by an even number of holomorphic discs D for generic b ∈ B, as we discussed in §5.1 and §6.1.
Choose an identification H 1 (N b ; Z) ∼ = Z 3 such that the monodromy around γ is as in (44). Then calculation using the local model of §7 shows that [∂D] ∈ H 1 (N b ; Z) should be identified with ±(1 0 0) T in Z 3 . Also, B is locally identified with H 1 (N b ; R) ∼ = R 3 up to monodromy, and R lies in the monodromy-invariant hyperplane (0, x 2 , x 3 ) : x j ∈ R .
The situation described in §7, in which the generic singular fibre has two singular points, is only the simplest possibility. In general we expect the generic singular fibre to contain an even number of singular points, divided equally into two kinds. In codimension one on the ribbon these singular points can appear or disappear in pairs of different kinds, and the edge of the ribbon is where the last two singular points disappear. . In a generic perturbation of a Gross-Ruan fibration near a positive vertex, the three edges in ∆ f should thicken out into 'ribbons' R 1 , R 2 , R 3 lying in the three hyperplanes H 1 = (x 1 , 0, x 3 ) : x j ∈ R , H 2 = (x 1 , x 2 , 0) : x j ∈ R and H 3 = (x 1 , x 2 , x 3 ) : x j ∈ R, x 2 = x 3 , which are the hyperplanes dual to v 1 , v 2 , v 3 , and intersect in the line (x 1 , 0, 0) : x 1 ∈ R . The ribbons R 1 , R 2 , R 3 intersect in a bounded subinterval of this line, as sketched in Figure 1 . There are two obvious ways for this to happen, in which either R 1 ∩ R 2 ∩ R 3 is part of the boundary of each R j , or the ribbons R j extend a little way beyond their intersection R 1 ∩ R 2 ∩ R 3 . The author thinks that the latter option is what actually happens, as in Figure 1 .
For generic points in the intersection R 1 ∩ R 2 ∩ R 3 the singularities of the fibres are just finitely many points modelled locally on the T 2 -cone C of (27). These are divided into three kinds, corresponding to the ribbons R 1 , R 2 , R 3 , according to the homology class of the S 1 in T 3 that collapses to a point. However, at certain special points b 0 in R 1 ∩R 2 ∩R 3 there will be a new kind of codimension three singularity, when two or three of these singular points of different kinds come together. The author does not have a local model for this singularity, but topologically it may involve a cone on a genus 2 surface. There When N b ′ is a generic nonsingular fibre near the ribbon R j , there should exist an even number of holomorphic discs D j in M whose boundary ∂D j in N b ′ has homology class ±v j in H 1 (N b ′ ; Z) ∼ = Z 3 . Singularities develop when the area of D j shrinks to zero, which happens on the hyperplane H j in B.
(c) Negative vertices
For negative vertices, the monodromy matrices of (46) all fix the vector (1 0 0) T in H 1 (N b ′ ; Z) and the hyperplane (0, x 2 , x 3 ) : x j ∈ R in H 1 (N b ′ ; R). In a generic perturbation of a Gross-Ruan fibration near a negative vertex, the three edges in ∆ f should thicken out into 'ribbons' which all lie in the same hyperplane H in B, isomorphic to (0, x 2 , x 3 ) : x j ∈ R in H 1 (N b ′ ; R). The three ribbons merge together to make a letter Y shape in H, as sketched in Figure 2 .
When N b ′ is a generic nonsingular fibre near this part of ∆ f , there should exist an even number of homologous holomorphic discs D in M whose boundaries ∂D in N b ′ have homology class ±(1 0 0)
T in H 1 (N b ′ ; Z) ∼ = Z 3 . Singularities develop when the area of D shrinks to zero, which happens on the hyperplane H in B.
Calculations by the author, along the lines of §7 but more complicated, show that one can put together a fibration with the topological properties we want using only the local models of §5 and §6. There is no need to include any other kind of singular point. 
Conclusions
If the speculations of §8.2 are correct, they have important consequences for the SYZ Conjecture. Positive and negative singular fibres are expected to be dual to one another under the mirror transform. That is, if we have dual smooth SL fibrations f : M → B andf :M → B as in the SYZ conjecture, then positive vertices in the discriminant ∆ f of f in B should coincide with negative vertices in the discriminant ∆f off , and vice versa. One way to see this is that the monodromy matrices in (45) are the transposes of those in (46). However, after a small generic perturbation of f andf near such a vertex in B, it is clear from Figures 1 and 2 that the discriminant loci ∆ f and ∆f can no longer be identified, because they are not homeomorphic. On this basis we make the following conjecture. This contradicts the version of the SYZ Conjecture stated in the introduction, and some of the stronger forms of the SYZ Conjecture that people have written down so far. If it is true then it will limit the scope of any eventual final formulation of the SYZ Conjecture.
My feeling is that while the SYZ Conjecture is clearly morally true, it is probably not literally true of genuine special Lagrangian fibrations of holonomy SU(3) Calabi-Yau 3-folds, except in some limiting sense in the large complex structure limit.
Furthermore, I believe that the Gross-Ruan picture of smooth SL fibrations is probably asymptotically true of general SL fibrations in the large complex structure limit, so that in a family of Calabi-Yau 3-folds with SL fibrations approaching the large complex structure limit, the 2-dimensional discriminants will collapse down onto 1-dimensional trivalent graphs.
Therefore, a better way to formulate the SYZ Conjecture might be in terms of SL fibrations of 1-parameter families of mirror Calabi-Yau 3-folds M t ,M t for t ∈ (0, ǫ), which both approach the large complex structure limit as t → 0. A similar conclusion is reached by Gross in [7, §4] , based partly on the first version of this paper.
